We show that inflation in type IIB string theory driven by the volume modulus can be realized in the context of the racetrack-based Kallosh-Linde model (KL) of moduli stabilization. Inflation here arises through the volume modulus slow-rolling down from a flat hill-top or inflection point of the scalar potential. This situation can be quite generic in the landscape, where by uplifting one of the two adjacent minima one can turn the barrier either to a flat saddle point or to an inflection point supporting eternal inflation. The resulting spectral index is tunable in the range of 0.93 ns 1, and there is only negligible production of primordial gravitational waves r < 10 −6 . The flatness of the potential in this scenario requires fine-tuning, which may be justified taking into account the exponential reward by volume factors preferring the regions of the universe with the maximal amount of slow-roll inflation. This consideration leads to a tentative prediction of the spectral index ns ≈ 0.95 or ns ≈ 0.93 depending on whether the potential has a symmetry ϕ → −ϕ or not.
I. INTRODUCTION
In the beginning of the development of inflationary cosmology our main goal was to find some simple semirealistic versions of inflationary theory, where inflation could be naturally realized for a wide variety of initial conditions. The search for such models has lead us to the discovery of chaotic inflation [1] , where inflation can be achieved in the simplest models, such as the models of the fields minimally coupled to gravity, with polynomial potentials. Inflation occurs in such models for a wide variety of initial conditions [2] and may continue eternally [3, 4] .
In this class of theories the constant part of the scalar field does not have any independent physical meaning; its value enters the theory only because it makes other fields massive, and because it has a potential energy density V (ϕ). As a result, these theories have a weakly broken shift symmetry ϕ → ϕ + c. This is broken only by the ϕ-dependence of the potential V and of the masses of particles interacting with the field ϕ. It is this property which allows the existence of chaotic inflation potentials such as m 2 ϕ 2 , which remain flat even for ϕ ≫ M p [1] . Shift symmetries forbid the dangerous quantum corrections to the effective potential ∼ M 4 p ϕ Mp n often discussed in the literature which renders inflation in these theories easier to achieve; see [5] for a recent discussion of this issue. Another popular example of shift symmetry is the symmetry θ → θ + c of the axion potential; this potential appears only after the shift symmetry becomes broken by non-perturbative effects. This symmetry was the basis for the so-called natural inflation scenario [6] .
However, in supergravity and string theory the scalar fields usually have physical or geometric meaning. For example, in the simplest supergravity models the Kähler potential K = ΦΦ M 2 p describes Kähler geometry. The Fterm scalar potential is proportional to e K ∼ e ΦΦ/M 2 p . As a result, the mass of the inflaton field typically acquires a contribution O(H 2 ), which tends to prevent inflation. Quite often, one can fine tune the parameters of the theory and achieve desirable flatness of the potential for some small range of the values of the scalar fields. In such models, inflation in a certain sense happens by accident: One must have the parameters of the models fixed in a very narrow range, and in addition, one should hope that the scalar field from the very beginning by some happy accident was in the required range of its values where inflation is possible. A similar situation, which can be called 'accidental inflation,' often occurs in string theory.
An interesting and quite instructive model of this type was proposed by Holman, Ramond and Ross [7] . We will briefly describe it here, because it will be closely related to the models of string theory inflation to be discussed in this paper. The Kähler potential in this model is K = ΦΦ M 2 p , and the superpotential is
where Φ = (ϕ + iα)/ √ 2, and ϕ and α are canonically normalized scalar fields. The potential has a minimum at α = 0, ϕ = √ 2Φ 0 .
In what follows, we will work in units M p = 1. For the particular case Φ 0 = 1, the potential V (ϕ) is shown by the thick blue solid line in Fig. 1 . It has a minimum at ϕ = √ 2, and a small plateau at |ϕ| ≪ 1, where the potential is described by the simple equation
The thick blue solid line shows the inflationary potential for the model of Ref. [7] , with Φ0 = 1. If one takes the model with a slightly larger Φ0, the potential has two minima separated by a barrier, as shown by the thin green dashed line, corresponding to Φ0 = 1.05. For Φ0 < 1, the metastable minimum disappears, and V ′ becomes negative everywhere, as shown by the thin red solid line corresponding to Φ0 = 0.95. Inflation is possible only if |Φ0 − 1| ≪ 1, which requires fine tuning.
This potential is flat at ϕ = 0, V ′ = V ′′ = 0, which corresponds to an inflection point. Since the slow-roll parameters ǫ and η vanish at ϕ = 0, this potential can support inflation if the initial value of the field is sufficiently small. The slow-roll conditions in this model are satisfied for ϕ 10 −1 . The field ϕ 60 corresponding to the beginning of the period of the last 60 e-foldings is even much smaller. Therefore it is quite sufficient to use just the first two terms of the expression (2), i.e. the constant and the cubic term, for investigation of inflation in this model.
On the other hand, there is no special reason why Φ 0 must be exactly equal 1. If we take, for example, Φ 0 = 0.95, we will obtain a steep potential shown by the thin red solid line in Fig. 1 , and inflation disappears. For Φ 0 = 1.05, the potential has two minima and a noninflationary maximum with V ′′ ∼ V . To achieve 60 efolds of inflation in this scenario one must have Φ = 1 with a great accuracy, and the universe from the very beginning should reside very close to the inflection point ϕ = 0. In this sense, inflation happens in the models of this type by accident.
This model was proposed back in 1984. It took 10 years, from 1984 to 1994, until the hybrid inflation scenario was developed [8] and it became possible to introduce the F-term [9] and the D-term hybrid inflation scenario [10] , where inflation could appear in a relatively natural way. It took 6 more years after that until the simple realization of chaotic inflation with a quadratic potential was proposed in supergravity [11] , and it took 7 more years until a supergravity realization of natural inflation became possible [12] .
A systematic investigation of inflation in string theory began only in 2003, after the development of the KKLT mechanism of vacuum stabilization [13] , see also [14, 15] . The first string inflation model based on the KKLT mechanism, the KKLMMT model [16] , is a brane inflation version of the hybrid inflation scenario. A detailed investigation of this model [17, 18, 19, 20, 21] demonstrated that its inflationary potential is very similar to the inflection point potential of Ref. [7] .
1 Thus, in a certain sense, in the recent studies of string theory inflation we returned to the discussion of accidental inflation in the first models of inflation in supergravity.
In parallel with the investigation of the KKLMMT scenario, string theorists are trying to develop more natural versions of inflationary theory, where the inflationary potential would naturally have flat directions, such as D3/D7 inflation [23] . We do not know yet whether it is possible to obtain a generalization of the chaotic inflation scenario and/or of the natural inflation scenario; some related ideas are discussed e.g. in [12, 24, 25, 26] . As we just mentioned, the search for such models in supergravity took many years. The investigation of inflation in string theory has just began. Therefore at this early stage it may make a lot of sense to study the models of accidental inflation discussed above, despite the fact that they appear fine-tuned in more than one respect. This may be quite appropriate because the old ideas of naturalness, unnaturalness and fine-tuning look quite different in the context of the eternal inflation scenario in the string theory landscape consisting of 10 10 3 different string theory vacua [13, 27, 28, 29, 30] .
In this paper we will pursue two different goals. First of all, the dynamical mechanism of inflation in the KKLMMT model is quite complicated. It involves investigation of gravitational effects related to the motion of branes in warped space, which requires a consistent merger of open string theory and closed string theory. Therefore it would be nice to have a simple toy model of accidental inflation in string theory, analogous to the model of Ref. [7] . An example of such model will be presented in Section II.
Secondly, we would like to understand generic features of accidental inflation in the context of the string landscape scenario, and, if possible, to find some unambiguous predictions of this class of models which would allow us to distinguish it from other versions of string inflation. These issues will be discussed in Sections III -V. We will summarize our results in Section VI. A short discussion concerning eternal inflation can be found in the Appendix.
II. VOLUME MODULUS INFLATION
For a long time, it did not seem possible that the volume modulus may play the role of the inflaton field in the KKLT construction. Indeed, the standard KKLT potential has only one minimum at finite values of the volume modulus, and the slow-roll conditions for this potential are strongly violated [31] .
The situation did not change much with the invention of the racetrack inflation: It became possible to find a saddle point of the potential and satisfy the slow-roll conditions with respect to the axion field, but not with respect to the volume modulus [32] .
In this section, we propose a model of string theory inflation driven by the volume modulus in the context of the KL [33] model of moduli stabilization. (Another model of the volume modulus inflation will be described soon in [34] .) Here the combination of fluxes with a racetrack superpotential leads to a scalar potential with two local asymmetric minima for the volume modulus which become de Sitter after uplifting by e.g. D3-branes or D7-induced D-terms. The higher of the two minima connects through a saddle point to the late-time dS minimum, or degenerates into an inflection point. With a proper choice of parameters, one can make the potential near the saddle point or the inflection point sufficiently flat to provide for more than the necessary 60 e-foldings of slow-roll inflation driven by the volume modulus.
To begin with, we shall thus shortly review the structure of the KL setup [33] . The model starts out similar to the KKLT construction [13] by assuming that the complex structure moduli and the axion-dilaton have been frozen at a high KK-related mass scale by turning on sufficiently generic 3-form fluxes G 3 along the lines of [14] . With respect to the Kähler moduli this results in a constant and fine-tunable term W 0 = CY3 G 3 ∧Ω in superpotential of the low-energy effective 4d N = 1 supergravity. Considering then the subclass of Calabi-Yau 3-folds with h 1,1 = 1, i.e. a single Kähler modulus which is the volume modulus T , the presence of non-perturbative effects leads to the stabilization of T . These exponential terms arise either from Euclidean D3-branes of from gaugino condensation on D7-branes, as explained in [13, 32] . If there is only one exponential term in the superpotential, then this leads directly to the KKLT construction.
The KL model is then specified by assuming the presence of non-perturbative contributions in T to the superpotential, leading to a racetrack superpotential. Thus the setup is given by
where the volume modulus ϕ measuring the volume of the single 4-cycle of the Calabi-Yau pairs up with the RR-axion τ to form the complex chiral superfield T .
The F-term scalar potential,
as the function of the volume modulus ϕ is given by
It can be shown that this is a minimum in the axion direction, provided we take we take A, a, B, b and W 0 to be all real and the sign of A and B opposite, as well as a > b and A > |B|.
Up to this point, the KL model does not differ from other racetrack models. However, as it was found in [33] , the scalar potential in this model for some values of its parameters has two supersymmetric AdS minima which solve D T W = 0. The one at smaller volume is given (similarly to the heterotic racetrack models) by
while the one at larger volume is the deeper AdS minimum of the two with its position determined similarly to the KKLT case
In the special case where one arranges for a particular relation between the parameters of the superpotential,
the smaller volume 'racetrack-like' minimum actually becomes a SUSY Minkowski one with vanishing gravitino mass [33] .
One can then get a late-time de Sitter vacuum by adding, e.g. D3-branes, which due to warping provide for a hierarchically small supersymmetry breaking and uplifting term C/ϕ 2 in the scalar potential. 2 This lifting can then be used to either lift the smaller volume (and more shallow) AdS/Minkowski minimum eq. (6) to a tiny positive value of the cosmological constant, or to lift the deeper AdS minimum eq. (7) . In this latter possibility, the smaller volume minimum eq. (6) becomes much more strongly lifted and acquires a large positive cosmological constant. Since in many cases it will still be separated 2 Alternatives include D-terms from a 4-cycle wrapping D7-brane threaded by F 2 -flux [35] , F-terms of hidden sector matter fields [36] (see also [37] ), meta-stable vacua of condensing gauge theories in the free magnetic range along the lines of ISS [38] , and α ′ -corrections [39] from the lower dS minimum at larger volume by a barrier, this specific sub-setup realizes the situation depicted in the context of the toy model of the last Section in Fig. 1 .
It is now clear that by tuning W 0 and (through their dependence on the VEV's of the complex structure moduli) also A and B with fluxes, we can arrange for the higher-lying minimum at smaller volume to degenerate with the barrier saddle point. As this will guarantee the existence of a very flat saddle or inflection point, which can lead to inflationary regime. For instance, a choice of for the full uplifted scalar potential
leads -as discussed below -to a long period of volume modulus inflation of more than 190 e-folds.
The similarity of this model with the supergravity model of Ref. [7] is obvious when one compares Fig. 1 and Fig. 2 , while Fig. 3 demonstrates that τ = 0 indeed denotes a local minimum in the axion direction for all values of ϕ.
We shall now describe the inflationary dynamics for the parameters chosen in eq. (10) in more detail. For these parameters we find that the minimum given by eq. (6) has already merged completely with the barrier saddle point to form a so-called inflection point: Instead of the former saddle point that provides for ǫ = 0 by definition and needs than η to be tuned small, we now have a situation where η = 0 at the inflection point and we have to keep ǫ small.
The slow-roll parameters of the inflection point have now to be given for the case of non-canonically normalized scalar field, as the metric on scalar field space for ϕ is given by g ϕϕ = 3/2ϕ
2 [32] . Since the inflaton trajectory is one-dimensional (as we are in the local minimum of the axion direction, there is no field evolution in this direction), we arrive for the chosen set of parameters at values [32] 
at the inflection point at ϕ cr = 144.4588.
The corresponding inflationary regime can be directly seen by numerically solving the equations of motion for ϕ. In transforming into measuring time by e-folds N
with we get the equation of motion to be [32, 42] 
Here we have allowed for a non-canonical kinetic term
as this is the generic case when dealing with moduli.
According to eq. (14) and plugging in g ϕϕ , the equation of motion for the volume modulus ϕ then takes the form [32] 
Starting at the inflection point ϕ(t = 0) = ϕ 0 witḣ ϕ(0) = 0, this leads to about 193 e-folds of slow-roll inflation, before the volume modulus rolls off into the latetime dS minimum at ϕ dS ≈ 157.1. The CMB scales of COBE normalization at about k CMB ≃ 0.002/Mpc leave the horizon about 60 e-folds before the end of inflation, i.e. here at N CMB ≈ 133. The magnitude of the primordial curvature perturbation ∆ 2 R generated at this point evaluates for the parameters chosen to be
which agrees with the measured value of COBE and WMAP [43] . In Fig. 4 we see the last 20 e-folds of the tevolution. Note the sharp end of inflation at N tot ≈ 193.5 and the subsequent onset of oscillations.
Next, the spectral index of the curvature perturbation power spectrum is given by
evaluated as usual at horizon crossing. Note that here we can replace d ln k ≃ dN because k is evaluated at horizon crossing k = RH ∼ He N . Then we arrive at
which results in the curve shown in Fig. 5 . This evaluates at the COBE normalization scale n s ≈ 0.93 (19) Within the 1σ-level this result agrees with the combined 3-year WMAP + SDSS galaxy survey result n s = 0.948
−0.018 [43] (the 3-year WMAP data alone give n s = 0.951
We note further, that there is only negligible running at CMB scales as the third order slow-roll parameter evaluates to be ξ 2 ≈ −7 · 10 −4 which then gives dn s /d ln k = 2ξ 2 ≈ −0.0014, and an extremely small level of tensor fluctuations as ǫ ≈ 5 · 10 −17 at CMB scales.
III. BASICS OF FINE-TUNING IN GENERIC MODELS
Now that we have two simple models of accidental inflation with an inflection point, the supergravity model of [7] and the string inflation model described in the previous section, and also the models of brane inflation [17, 18, 19, 20, 21] and MSSM inflation [22] , we can analyze general features of the models of this type.
Fine-tuning in the model [7] can be described in the following general way. If one takes Φ 0 > 1 in this model, one will have a potential with a metastable dS minimum at ϕ < 0 very close to the local maximum at ϕ > 0, see Fig. 1 . If the difference Φ 0 − 1 is sufficiently small, then in the first approximation the term V 0 and the coefficient in front of ϕ 3 in (2) will not change, but two other terms with very small coefficients λ 1 , λ 2 ≪ 1 will appear:
In the limit Φ 0 → 1, the metastable minimum moves towards the local maximum, and they form an inflection point. This corresponds to the limit λ 1 , λ 2 → 0. The slow-roll parameters at ϕ = 0 are directly related to λ 1 and λ 2 :
Thus in order to achieve inflation one should first find a potential with a metastable dS minimum close to a local maximum of V (ϕ), and then change the parameters in such a way as to make these two extrema very close, which automatically will make the slow-roll parameters small. The required fine-tuning can be expressed in terms of the fine-tuning of the parameters λ 1 and λ 2 .
One can look at this situation from a slightly different but closely related perspective. In accidental inflation, by definition, inflation occurs by chance, in a small vicinity of some point which can be called ϕ = 0 without any loss of generality. Consider the potential in a vicinity of this point and expand it in powers of ϕ:
If the potential has flat directions, as in the simplest versions of chaotic or natural inflation, then one may consider theories where only few first terms are present [5] . However, in most of the versions of string inflation all parameters λ n can be large, so making some of them small requires fine-tuning. Slow roll inflation is possible for |ϕ| ≪ 1 if |λ 1 | ≪ 1 and |λ 2 | ≪ 1. We will assume that λ 3 1, which is indeed the case in the two models which we considered so far. Unless one fine-tunes λ 4 ≫ λ 3 , one can ignore the quartic term while describing inflation at ϕ ≪ 1. This means that in accidental inflation, which occurs only at ϕ ≪ 1, it is generically sufficient to use only three first terms in the expansion of the potential.
Moreover, one can show that by a shift ϕ → ϕ + ∆ in a theory with λ 1 , λ 2 ≪ 1, λ 3 1, one can always represent the potential (22) in the form where either λ 1 = 0, or λ 2 = 0. For example, in the model of Ref. [7] one has three possibilities illustrated by Fig. 1 . For Φ 0 = 1 one has an inflection point at ϕ = 0 where λ 1 = λ 2 = 0. For Φ 0 > 1 inflation begins near a local maximum of the potential at ϕ > 0. If one makes a change of variables ϕ → ϕ + ∆, where ∆ corresponds to the position of this maximum, the potential acquires the form
with λ 2 < 0. Meanwhile for Φ 0 > 1 one can always make a change of variables bringing the potential to the form
We ignored here the quartic term because accidental inflation, by definition, occurs only for |ϕ| ≪ 1. Therefore, unless one makes an additional fine-tuning λ 3 ≪ λ 4 , one can ignore the term λ4 4 ϕ 4 in the description of inflationary dynamics in these models. 3 An important exception is represented by the models where the potentials have a maximum with Z 2 symmetry ϕ → −ϕ. In this case
and the required fine-tuning is |λ 2 | ≪ 1. In this case inflation is most efficient in the limit λ 2 → 0, which corresponds to the purely quartic potential with λ 4 < 0. This is what happens in the original versions of the new inflation scenario [44] . This regime was also found in the racetrack inflation models [32] , where inflation occurs during the rolling in the axion direction from the saddle point of the potential.
Note that it is insufficient to simply take λ 1 ≪ 1 or λ 2 ≪ 1, respectively, in our models. The required fine-tuning should be somewhat stronger as we want to achieve more than 50 or 60 e-folds of inflation.
As an example, one may consider the potential (24) describing an inflection point and check how small should be the constant λ 1 . Investigation of this situation was performed in [18] , and result for the total number of efolding during inflation is
In order to avoid significant running of the spectrum, one must have N tot ≫ N CMB e ≃ 60. This leads to a condition
whereas we already assumed that λ 3 1 (this assumption is justified below). Thus we must have fine-tuning at least of the order 10 −3 . We must fine-tune λ 2 in a similar way in the models (23), (25) .
While this fine-tuning is certainly not nice, in the next section we will explain possible reasons which may make it looking quite natural.
The values of the slow roll parameters, the duration of inflation, and the spectral index n s depend only on the λ n , but they do not depend on the overall factor V 0 . Meanwhile the square of the amplitude of metric perturbations ∆ 2 R scales as V 0 . This allows to achieve an inflationary regime with desirable properties by finetuning λ 1 or λ 2 , and then dial the desirable amplitude of perturbations of metric by changing V 0 without changing λ n any further [32] .
IV. CLASSICAL ROLLING VERSUS QUANTUM DIFFUSION
The structure of the model discussed before -inflation starts driven by a single field direction from either a flat saddle or a flat inflection point of the potential -lends itself to an analytical treatment of the inflationary dynamics with respect to the properties of the power spectrum of density fluctuations generated during slow-roll.
The starting point is the observation, that due to the fact that the whole inflationary dynamics is governed by very small field displacements ∆ϕ ≪ 1 away from the saddle/inflection point at ϕ cr , we can canonically normalize the field ϕ in the vicinity of the unstable point and describe its motion by expanding the potential around the unstable point and 'renormalizing' every derivative with respect to ϕ as ∂ ϕ → g ϕϕ (ϕ cr ) ∂ ϕ . This leads to slow-roll parameters defined as
Next, we write the expansion eq. (22) of the potential around the unstable point as
Here
, and we replace ϕ → ϕ + ϕ cr , so that ϕ = 0 now denotes the critical point and ϕ denotes what was ∆ϕ before.
Depending on whether the potential is monotonic around the unstable point or not, we get either an expansion around an inflection point solving λ 2 ∼ ∂ 2 ϕ V (ϕ cr ) = 0 or a saddle point solving λ 1 ∼ ∂ ϕ V (ϕ cr ) = 0. Successful inflation requires us then to tune small either λ 1 (inflection point) or λ 2 (saddle point).
Following the discussion of the last Section, we can thus parametrize the leading approximation to the potential in the two cases as
for an inflection point
for a saddle (30) where we have
We subdivide the second case into saddle points which are subject to a symmetry Z 2 : ϕ → −ϕ (then p = 4 + 2n, n ∈ N starts with 4) and saddle points which are not (then p starts with 3).
We can then compute within the validity of the slowroll regime the number of e-foldings N e (ϕ) counting backwards from the value N e (ϕ end ) ≡ 0 at the end of inflation at ϕ end
This integral can be performed in closed form in both cases. From the expression for N e (ϕ) we can then express the slow-roll parameters ǫ and η as function of N e .
Since we need to fine-tune λ 1 , λ 2 to be extremely small, we will start our investigation with the study of the simple model
In this simplified situation we have
where we have taken ϕ end → ∞ as this does not change the result significantly. From this expression we find the slow-roll parameters to be
We can then compute the density fluctuations at N e efolds before the end of inflation
As the quantity ∆ 2 R Ne is constrained by the COBE and WMAP results at the scale of N e = N CMB e ∼ 60, this equation leads to a relation between the scale of the potential V 0 and its small-field power-law behavior controlled by λ p .
We shall illustrate this constraint for the case p = 3 of the explicit string model of the Section II where
which implies then from the eq. (36) above that
in units of Planck density. (In our paper we use Planck mass M P = 2.4 · 10 18 GeV and work in units M p = 1.)
Upon inspection of eq. (34) we might conclude that the total number of e-folds is infinite if we were to start inflation at ϕ → 0. However, our classical equations ignored quantum diffusion of the field ϕ, which is important near the point ϕ = 0.
Indeed, the field does not move classically from this point because V ′ = 0 there. However, the longwavelength perturbations grow as follows:
These perturbations are stretched by inflation, and therefore for all practical purposes they look as a nearly homogeneous classical field with a typical magnitude
and speedφ
The speed of the classical motion,φ = V ′ /3H, becomes greater than the speed of diffusion for
Thus the field grows due to quantum diffusion until some momentt when its average value grows up tō
During this part of the process the size of the universe grows by a factor of eN ∼ e Ht , wherē
After that, the universe continues growing in the classical regime. According to Eq. (34), the number of e-folds in this regime is given by
This gives
Let us consider now a realistic situation with p = 3, λ 3 = 1 and V 0 ∼ 3 × 10 −14 . In this case the total growth of volume of the universe can be estimated by
The analogous result for the quartic potential, p = 4, with λ 4 = O (1), is
Notice that the expression for N tot still diverges for λ p → 0. Clearly, this divergence is unphysical as for λ p 1 we would find that the potential reaches V ≈ 0 only for ϕ > 1 in Planck units. This would lead to chaotic inflation at large ϕ, which should be treated separately.
In this paper we consider only situations where ϕ ≪ 1, λ p 1. In the explicit realization of the Section II this always fulfilled by a large margin, λ p ≫ 1, once one expands the potential there around t cr according to eq. (29) . Furthermore, demanding λ p 1 implies that ϕ ∼ V 
Further, from eq. (35) we have a spectral index [45, 46] 
Observationally we probe N e = N CMB e ≃ 60. Thus, we infer an immeasurably low fraction r = 12.4 ǫ 60 10 −6 of power in gravitational waves and a spectral index which changes from 0.93 for p = 3 to 0.97 for p ≫ 3.
We may now test our methods by applying them to the explicit string theory model proposed in Section II. Instead of calculating the amplitude of perturbations directly, we may represent the potential as a sum of terms λ n ϕ n up to n = 3 using eq. (29), and then use the methods developed in this section. Using the values of eq. (37) gives us in terms of eq.s. (36) and (50) 
which are evaluated at the time of horizon crossing of the CMB normalization scale modes at N e ≃ 60. The agreement with the numerical results of Section II is good enough to justify the use of the simplified potential, where we have neglected the small linear term and higher powers p ≥ 4.
For completeness, we note that the analogous treatment of the important exception represented by a Z 2 -symmetric saddle point (quartic potential with a very small quadratic piece) yields
Finally, we may give here the results for N tot and n s for finite values of λ 1,2 .
We will consider the case of a p = 3 inflection point with finite λ 1 and a general p ≥ 3 saddle point with finite λ 2 . In this situation, N tot and n s will be a function of λ 1 or λ 2 , respectively, for fixed λ p , p ≥ 3. We get again
for the p = 3 inflection point and
for the saddle point. Using these expressions we can compute η(N tot ) by expressing λ 1,2 through the appropriate N tot and we get n s (N tot ). The results are [18, 47] 
for N tot ≫ N e ⇔ |λ 2 | = |η 0 | ≪ 1 .
for a saddle point [47] , where λ 2 = λ 2 (N tot ) is the inverse of eq. (54) .
We see that we get back the results valid in the pure λ p ϕ p -potential for N tot ≫ N e which corresponds to either very small λ 1 or λ 2 . This behavior is displayed in Fig. 6 for the three cases of a p = 3 inflection point (solid black), a p = 3 saddle point (dash-dot black), and a p = 4 Z 2 -symmetric saddle point (solid red). The spectral index ns as a function of the total number of e-folds Ntot at the COBE scale, i.e. in eq.s (55) and (56) at Ne = N CMB e = 60. Black: The solid line corresponds to the p = 3 inflection point. The dash-dotted line represents the p = 3 saddle point case. The dashed horizontal line is their common asymptotic value ns = 0.933. Red: The solid line gives ns(Ntot) for the case p = 4 with a Z2-symmetry, as e.g. realized in the model of 'racetrack inflation' [32] . From there the values of V0 and λ4 have been extracted using eq. (29) analogously to the p = 3 case treated here explicitly. This allows to compute ns(Ntot) in the same way. The dashed horizontal line gives the p = 4 asymptotic value of ns = 0.95.
V. SPECTRAL INDEX ns FOR ACCIDENTAL INFLATION
A. Naturalness of fine tuning
We can now re-enter the linear or quadratic term, respectively, into the two cases of an inflection or a saddle point. Keeping them will enable to derive the dependence of spectral properties like n s on λ 1 and λ 2 .
Let us see first what will happen if we add back to our cubic potential the term λ 1 ϕ with λ 1 < 0. In this case the field ϕ will roll down a bit faster, and the total number of e-folding will be smaller. The corresponding effect will be relatively insignificant if
For example, if one considers the semi-realistic case λ 3 = O(1) and V 0 ∼ 3 · 10 −14 , this constraint means that for
the average total growth of volume during inflation in a vicinity of any given point will remain as large as e
3·10
5 . On the other hand, if we consider the case which, naively, would seem much more natural, |λ 1 | ≫ 10 −10 , then the average total growth of volume during inflation will become exponentially smaller. As we already mentioned, the total degree of inflationary expansion will exceed the required 60 e-foldings for much smaller fine-tuning, |λ 1 | < 10 −3 , but it produces a growth of volume which is smaller than the volume produced for |λ 1 | ≪ 10 −10 by the enormous factor of e −3·10
5 . Now let us discuss the fine tuning of initial conditions in accidental inflation. According to (43) , if initially the absolute value of the field ϕ in our part of the universe was smaller thanφ ∼ V0 24π 2 λ3 1/3 ∼ 10 −5 , then the volume of this part grows by an enormous factor e 10 6 (for λ 3 ∼ 1, V 0 ∼ 3 × 10 −14 and λ 1 ∼ 10 −10 ). However, if the field initially was at a greater distance from the inflection point, the gain in volume immediately becomes much smaller. This is an important fact to keep in mind while discussing naturalness of initial conditions for inflation. An additional factor is the process of eternal inflation, which also occurs only for small ϕ, see Appendix.
An interesting feature of our results is that the total growth of volume does not increase when we fine-tune λ 1 with an accuracy greater than 10 −10 . In other words, our considerations do not predict λ 1 = 0; they predict
Similarly, if we add the quadratic term λ 2 ϕ 2 /2 to the model with λ 3 = O(1) and V 0 ∼ 10 −14 , the total amount of inflation will be unaffected for |λ 2 | ≪ 10 −5 , and it will decrease dramatically for |λ 2 | ≫ 10 −5 .
Finally if we consider the Z 2 -symmetric class of models with a quartic potential with λ 4 = O(1), and add to it the quadratic term λ 2 ϕ 2 /2, then the average total growth of volume during inflation in a vicinity of any given point remains in the range of e 8·10 7 for |λ 2 | ≪ 10 −10 , and it will rapidly drop down for |λ 2 | ≫ 10 −10 .
Let us now discuss the consequences of these results for understanding of naturalness/unnaturalness of finetuning required for accidental inflation. Here we should remember that inflation in string theory landscape is always eternal because of the existence of an incredibly large number of metastable vacua [13, 27, 28, 29, 30] . The problem of assigning probabilities for various histories in the eternal inflation scenario is still a subject of intense debates. One of the popular ideas is that the probability to be born in a particular part of the landscape is proportional to the volume of the parts of the landscape of a given type, see e.g. [48, 49, 50, 51, 52, 53, 54] and references therein. Many authors agree that the volume-weighted probability should be proportional to the growth of volume during the slow-roll inflation [51, 53, 54, 55] .
If this is the case, then the results obtained above suggest that the fine-tuning of λ 1 and λ 2 required for accidental inflation is in fact quite natural; see [5, 49, 50] for a discussion of related ideas, and the Appendix of our paper where we reach similar conclusions using slightly different assumptions.
B. A prediction for ns
These arguments also imply that the most probable values for the spectral index in this class of models will be the asymptotic values of eq. (50) for the pure cubic (or quartic, in case of a Z 2 -symmetric potential) case discussed above:
Using the volume-weighted measure, we should expect to find ourselves in a Hubble volume with a long period of slow-roll inflation in the past. And as we noted above, maximizing the amount slow-roll inflation implies having either λ 1 → 0 or λ 2 → 0 corresponding to a very large
Looking again at Fig. 6 , it becomes clear that the asymptotic values of eq. (50) for the pure cubic (or quartic, in case of a Z 2 -symmetric potential)
become a tentative prediction for accidental inflation in the string theory landscape. Together with the negligible tensor fraction r < 10 −6 this is the hallmark of accidental inflation in string theory. We call this prediction tentative because it is based on certain assumptions about the probability measure. Moreover, it may change if we are allowed to fine-tune even further, by fine-tuning λ 3 to zero (which would lead to a greater value of n s ), changing V 0 , the amplitude of density perturbations, etc., see the Appendix for a discussion of this issue.
VI. CONCLUSION
We have shown that the generic presence of racetrack superpotentials together with fluxes leads to a realization of volume modulus inflation in type IIB string theory. The central observation there is that the multiexponential superpotential generically leads to more than one local minimum. This can be used to tune the higherlying of two adjacent minima to (nearly) degenerate with the separating barrier into a very flat saddle or inflection point, which then drives slow-roll inflation. Following these considerations, in Section II we constructed a model of volume modulus inflation, which is one of the simplest models of string theory inflation available now.
Inflation in a vicinity of an inflection or saddle point requires fine-tuning of the model parameters and of the initial conditions. However, this simple setup describes both the majority of known closed-string modular inflation models [31, 32] , as well as the recently improved KKLMMT model [17, 18, 19, 20, 21] . 4 Thus, the dynam-ics of accidental inflation described in this paper may represent one of the most generic classes of inflationary models, covering a large part of the landscape. The required fine tuning may appear quite natural if one takes into account that it dramatically increases the total growth of volume during inflation, and may even make inflation eternal.
This fact leads to a statistical prediction of the spectral index n s ≈ 0.93, or n s ≈ 0.95, depending on whether the potential is Z 2 -symmetric or not. Furthermore, the value n s ≈ 0.95 for Z 2 -symmetric potentials by means of this symmetry is an upper limit (see Fig. 6 ) as long as we tune just the first even power in such a potential, i.e. λ 2 . to zero (see also [32, 56] ). These results, combined with a prediction of a negligibly small tensor to scalar ratio r < 10 −6 , become a testable (tentative) prediction for a large class of models of inflation in string theory. 
Expansion after eternal inflation regime
Here we would like to take the opportunity to compare the picture of eternal inflation with the local view of an observer emerging from the quantum diffusion process on the top of the potential into the slow-roll phase described in Section IV.
If quantum jumps of the field ϕ dominate its classical rolling during a typical time H −1 , then each domain of a size H −1 will eternally split into many new domains, in some of which the field will over and again jump back arbitrarily close to ϕ = 0, forever re-starting the slowroll process in different H −1 -sized domains. This leads to eternal inflation [3, 4] . It occurs for fields satisfying the following generic condition [4] :
For the simplified potential eq. (33), eternal inflation occurs for ϕ < ϕ * , where
class as it leads quite naturally to hybrid inflation.
The probability measure in eternal inflation regime is somewhat ambiguous because we must compare infinities, which produces regularization-dependent results. Several different approaches to this question suggest that the probability should be proportional to the growth of volume during inflation in the slow-roll regime. We used a version of this prescription in the main text. A slightly different prescription suggests that we should be interested only in the total number of e-foldings after the end of eternal inflation.
In this case, we should take ϕ ∼ ϕ * as the initial condition for the phase of slow-roll inflation, which leads to a finite amount of slow-roll inflation
In comparison with the boundary of quantum diffusion,φ in eq. (43), one finds that for a purely quadratic potential at the top one getsφ ∼ ϕ * [55] while for all other p ≥ 3 one typically hasφ ≪ ϕ * .
The main point, however, is that the condition eq. (57), which should be satisfied in order to get the maximum amount of slow-roll inflation after the end of either eternal inflation or quantum diffusion (i.e. |λ 1 | ≪ |λ p |ϕ p−1 * or |λ 1 | ≪ |λ p |φ p−1 for quantum diffusion or eternal inflation, respectively), for eternal inflation yields a condition
In particular, for p = 3, λ 3 = 1, V 0 ∼ 3 · 10 −14 we get the condition |λ 1 | ≪ 10 −8 . As before, for such a small λ 1 we have an extremely large N tot , and therefore we have the same prediction, n s ≈ 0.93. Similarly for the theory with p = 4 we find n s ≈ 0.95. Thus our main conclusions coincide with the conclusions obtained in this paper by a somewhat different method.
Slow roll without eternal inflation
All uncertainties with the choice of the volume weighted probability measure discussed appear only for
, when inflation is eternal and one deals with the problem of comparing infinities.
inflation is no longer eternal, and the results of the calculations of the total volume of the universe created by the stage of inflation become quite unambiguous. In this regime one can use the result of Ref. [18] ,
, see Eq. (26) .
This boundary value λ * 1 ∼ 10 −8 is much smaller than the value λ where there occurs no eternal inflation at all, but a prolonged phase of slow-roll inflation with N tot ≫ 60. This result shows, unambiguously, that the total number of observers in any part of the universe after inflation is proportional to
This quantity acquires its maximal value at the smallest possible value of λ 1 within its domain of validity, i.e. at
for V 0 ∼ 3 × 10 −14 . Note that this constraint depends only on V 0 and is valid for any p > 2 independently of λ p .
For λ < λ * 1 eternal inflation becomes possible, which makes the total number of observers living in the postinflationary universe indefinitely large. This shows that, independently of the choice of the probability measure during eternal inflation, the volume-weighted probability should be peaked at λ λ * 1 ∼ 10 −8 . Once again, this leads to the prediction n s ≈ 0.93 in this class of models, in agreement with the predictions obtained by other methods.
A similar result can be derived for the saddle point case, where again for λ 2 λ * 2
2 ) (p−2)/2(p−1) λ 1/(p−1) p the total number of slowroll e-folds becomes independent of λ 2 . In the above case this value is λ * 2 ∼ 10 −4 , which implies that there is a prolonged phase of slow-roll inflation with N tot ≫ 60. Once again, this is an unambiguous prediction of the volumeweighted probability distribution, independently of the choice of the probability measure during eternal inflation in this scenario. This again leads to the prediction n s ≈ 0.95 for inflation near the symmetric saddle point with p = 4.
Of course, predictions of that type are only as good as the basic assumption that the probability to be born in parts of the universe of a certain type is proportional to the total number of observers in such parts. Whereas this assumption seems quite natural and its various versions are widely accepted [48, 49, 50, 51, 52, 53, 54] , there are some alternative proposals, which de-emphasize the growth of volume during inflation, see e.g. [57, 58] . These proposals will lead to different predictions for n s , which opens a possibility to test various ideas concerning the probabilities in inflationary cosmology by comparing the consequences of these ideas with observational data.
Even more tuning? -Maybe not
It is rather interesting that the final result for N tot in eq. (46) can be represented in a form directly related to the amplitude of perturbations of metric:
where C p = p 2(p − 2) −2/p N 2−2/p e . Note that dependence of the duration of inflation on V 0 and λ p was totally absorbed in its dependence on Taking this expressions to its limit would suggest that we might increase the volume factor further by decreasing the magnitude of metric perturbations which in turn corresponds to sending V 0 → 0 or λ p → 0. As it stands this would then predict that a universe like ours with a small but finite amount of metric fluctuations is extremely unlikely compared to universes with exponentially low fluctuation levels. This is the 'run-away' problem described in [49, 50, 59, 60] .
Various solutions to this problem have been proposed in the literature, see e.g. [49, 50, 59, 61] . Here we will specifically mention a solution proposed in [62] . The essential point is that the prior probability distribution should besides the volume factor of slow-roll inflation also contain an anthropic constraint arising from the necessity of sufficiently fast radiative cooling of primordial baryonic matter (otherwise no structure forms before the protons decay) and the threshold behavior of inflationrelated cosmological quantities in terms of the observable fundamental inflationary parameters. In many simple models the cosmological quantity is the reheating temperature T RH ∼ √ m ϕ being a function of the inflation mass [62] .
Firstly, the anthropic constraint from sufficiently fast cooling generates an exponential suppression which counters the exponentially large volume factor. Secondly then, the threshold behavior of T RH as a function of the inflation mass (the fundamental parameter) leads to the volume factor exp(3N tot ) being nearly flat when expressed as a function of T RH in the threshold region of inflation decay (while, of course, it still depends exponentially on the inflaton mass). The combined probability distribution then is (unlike the volume factor alone) approximately flat in the region 10 −12 < ∆ 2 R < 10 −8 which allows then the anthropic argument for ∆ 2 R ∼ 10 −10 to proceed [62] .
One way or another, we should separate the issue of explaining the observed value of ∆ 2 R and predicting the value of n s , which is not yet known with a sufficient precision, but will be known in the next few years; see [52, 63] for a discussion of related issues. It is in this sense that we call the above results n s ≈ 0.93 or n s ≈ 0.95 tentative predictions for accidental inflation in the string theory landscape.
